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O coScTBeHHbix SHaneHHax onepaxopa IIlTypMa-JlHyBHjijia 
c noTGHi^HajiaMH h3 npocTpancTB Co6ojieBa 

CaBHyK A. M., IIlKajiHKOB A. A. 

Ahhotali;H5I. B CTaTbe Hsy^aeTCfl acHMnTOTHHecKoe noBe^eHHe co6cTBeHHbix snaHeHHii 
onepaTopa IIlTypMa-JlHyBHJiJifl Ly = —y" + q{x)y c noTeniiHajiaMH h3 co6ojieBCKOro 
npocTpancTBa W2~^,9 ^ 0, BKjiiOHafl neKjiaccHT^ecKHH cjiyHaii G [0,1), Kor^a noTeniiHaji 
aBJiaeTCfl pacnpe^ejienHeM. PesyjiBTaTBi nojiy^enbi b hobbix TepMHnax. IIojiojkhm 

S2kiq) = A^^^(g) - fc, S2fc-i(g) = -k - 1/2, 

r^e {Afc}f^ H — nocjieflOBaTejiBHOCTH co6cTBeHHbix 3Ha^^eHHii onepaTopa L, 

nopojK^eHHoro KpaeBbiMH ycjiOBHHMH ^HpHXJie H ^HpHXJie-HeHMana, cooTBeTCTBenHO. 
HocTpoeHbi cneiiHajibHbie rHJib6epTOBbi npocTpancTBa I2 , TaxHe, hto OTo6pa}KeHHe 
F : I2 , onpe^ejifleMoe paBencTBOM F{q) = {snjf', KoppeKTHO onpe^ejieHO 

fljia Bcex 9^0. Ochobhoh pesyjibTaT saKJiio^aeTCfl b cjie^yKimeM: npn 6 > OTo6pajKeHHe F 
HBJiHeTCfl cjia6o HejiHHeiiHbiM, T.e. npe^jCTaBHMO b BH^ie F{q) = U q-\-<^{q), r^e U — h30mop4)h3m 
npocTpancTB Wj "^ h I2 ^ a $((7) — KOMnaKTHoe OTo6pa>KeHHe. Bojiee Toro, flOKasana oijeHKa 
II*^'('Z)IIt ^ C'llgljg-i, r^e snaHeHHe r = t{6) > 9 to^ho yKaaano, a nocTOSHHaa C saBHCHT 
TOJibKO OT pa^iHyca mapa \\q\\e ^ R, ho ne saBHCHT ot 4)yHKLi,HH q, MenaromeHca b stom mape. 



§1. BBe^eHHe. OopMyjinpoBKa ochobhoh TeopeMbi. 



L[ejib HacToameii paSoTbi - nojiy^HTb TO^Hbie acHMnTOTHnecKHe 4)opMyjibi c paenoMepHou 
on,eHKOH ocTaTO^Hbix ^jienoB ^jia coScTBennbix ana^enHH onepaTopa IIlTypMa-JlHyBHjiJia 

Ha KOHGHHOM OTpeSKe. KOHGHHO, aCHMnTOTHHeCKHG (^DOpMyjIbl flJia CoScTBeHHblX 3HaHeHHH 

BToro onepaTopa xopomo nsBecTHbi c flaBHHx BpeMen (cm, Hanpniviep, |15| . \14\ ). ho 
B Toii (|)opMe H B TOH o6in;HOCTH, KOTopaa HaM nyjKHa, ohh ne npHBo;i;HJiHCb. Mm 
Sy^eM KBajiH(J)Hii;HpoBaTb noBe^eHne coScTBenHbix snaHeHHii b TepMHnax OToSpajKenHii 
THjibSepTOBbix npocTpancTB. Taxaa nocTanoBKa nosBOJiHT HcnojibsoBaTb npeHMymecTBa 
a6cTpaKTH0H TexHHKH. B nacTHOCTH, TO^naa HH4)opMan,Ha 06 acHMnTOTHKe co6cTBeHHbix 
SHaneHHii 6y^eT nojiyHena ne TOJibKO ^Jia noTeHn,HajiOB q, jie>Kaiu,Hx b coSojigbckhx 
npocTpancTBax W2~^ c n,ejibiMH nojioJKHTejibHbiMH 6, ho h npn Bcex 9 > 0, BKjiio^aa cjiynaii 
6 G [0,1), Korfla q aBJiaeTca pacnpeflejieHHeM. B OTJinnne ot Hpe;i;mecTByioni;Hx paSoT mm 
HOJiyHHM paBHOMepHbie OH;eHKH ocTaTOHHMx HJienoB, Kor;i;a q MenaeTca b mape pa;i;Hyca 
R npocTpaHCTBa PV^"^. HejiHHefiHbix OTo6pa>KeHHH hgt anajiora TeopeMbi Banaxa- 

IIlTeHHrayaa h nojiyneHne paBHOMepnbix oii;eHOK Tpe6yeT 6ojiee tohkoh pa6oTbi. PlMea b 



Key words and phrases. AcHMnTOTHKH co6cTBeHHbix snaHeHHii, npHMaa h o6paTHafl sa^aHH IIlTypMa- 
JlnyBHJiJia. 
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BHfly flajibHeiiniHe npHjio>KeHHa peayjibTaTOB stoh CTaTbH k o6pamHUM sadanaM lUmypMa- 
JIuyeuAAM, Mbi orpaHH^HMca paccMOTpeHHeM onepaTopoB, onpe^ejiaeivibix paBencTBOM 

(1.1) Ly = -y" + q{x)y, xG[0,7r], 

H KpaeBbiMH ycjiOBHaMH /JnpHxjie, a TaKJKe KpaeBbiMH ycjiOBHaMH /jHpHxjie-HeHMana, xotm 
pasBHTbie MeTOflbi nosBOJiaiOT nojiy^HTb anajiorHHRbie peayjibTaTbi fljia Sojiee o6mHx KpaeBbix 

yCJIOBHH. 

HanoMHHM onpe;],ejieHHe onepaTopa IIlTypMa-JlHyBHjiJia c noTeHn,HajiOM-pacnpe- 
flejiGHHeM. HycTb q{x) G iy|~^[0,7r], 6 G [0,1). Torj^a cymecTByeT nepBOoGpaanafl 
a{x) = J q{x)dx G iy|[0,7r], T.e. (J)yHKn,Ha a, /i,Jia KOTopoii q{x) = a'{x) b CMbicjie 
pacnpe;i;ejieHHH. HsBecTHO (cm., Hanpniviep [Sj rji. 1]), hto TaKaa 4)yHKii;H5i a onpe;i;ejieHa 

0;];H03HaHH0 C TOHHOCTBIO flO nOCTOaHHOH. 

OnepaTop L, nopojK;i;eHHbiH BbipajKeHHeivi (ll.ip h KpaeBbiMH ycjiOBHaMH /^Hpnxjie (6y;i;eM 
o6o3HaHaTb ero Mepea Ld) Tenepb mojkho onpeflejiHTb cjie;i;ya Hamefl pa6oTe |17| (cm. TaKJKC 
|18| . rfle npHBe;i;eHbi flpyrne onpe;i;ejieHHa) : 

(1.2) Lny = Ly = -{y^^^y - a{x)y^^^ - a'^{x)y, r^e y^^\x) := y'{x) - a{x)y{x) 
Ha o6jiacTH 

S)(Lb) = {y, G iyii[0, 7r]| |/(0) = y{7r) = 0}. 
AnajiorHHEO onpeflCJiaeTca onepaTop ^npHXJie-HeiiMaHa: LonU = Ly hsl oSjiacTH 

D(Lz5^) = {y, G W^iMO,vr]| y{0) = y^'\n) = 0}. 

KoHCHHO, fljia rjiaflKOH (J)yHKii;HH a npaBbie nacTH (ll.ip h ()1.2p coBnaflaiOT h mm nojiynacM 
KjiaccHHCCKHe onepaTopbi IIlTypMa-JlHyBHjiJia c KpaeBbiMH ycjiOBiiaMii /JnpHxjie ii ^iipiixjie- 
HeHMana (bo btopom cjiy^ae KoncTanTy npn Bbi5ope (|)yHKn,iiii a Hy>KHO BsaTb TaKoii, HTo5bi 
Jq q{x)dx = cr(7r) = 0). 

TJjia (|)opMyjiHpoBKH ocHOBHbix pcsyjibTaTOB pa6oTbi BajKHyio pojib iirpaiOT npocTpancTBa I2, 
BBe^eHHbie panee b Hameii paSoTC jl9| .^ OiiKCiipyeM 6 ^ m o6o3Ha^iiM ^epea /| npocTpancTBO, 
cocToamee h3 nocjie^OBaTejibHOCTen KOMnjiCKCHbix hhccji x = {xi, X2, ■ ■ ■} TaKiix, hto 

00 

ixki^k^'^ < 00. 

k=l 

Bbe^eM cneii,iiajibHbie nocjieflOBaTCJibHOCTH 

ripii aa^aHHOM 9^0 naiifleTca e^iiHCTBenHoe naTypajibnoe ^iicjio m, TaKoe, ^to 
2m — 3/2 ^ 6 < 2m + 1/2. ^Jia BToro Hiicjia 6 onpe^ejiiiM npocTpancTBO /J* KaK KOHCHHOMepHoe 
pacmnpeHHe npocTpancTBa I2, a hmchho, 

/| = /| © span{e''}f^. 



pa6oTe |19| fljia SToro npocTpancTBa BMecTO I2 HcnojibsOBajiocb o6o3Ha^eHHe ^2^1 KOTopoe Tpy^no 
OTjiHT^HMO OT o6o3Ha^^eHHa o6bnHoro BecoBoro npocTpancTBa 
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TeM CaMbIM, I2 COCTOHT H3 BJieMGHTOB X = X + X]fc=l '^k^'' 1 X E I2 H {«A:}l™' ^ KOMnjIGKCHbie 

HHCJia. CKajiapHoe npoHSBefleHne sjieivieHTOB x, y E Z| onpe;i;eji5ieTca (J)opMyjiOH 

2m 

(x, y)g = {x, y)e + ^ afc/?fc, 

rfle {x,y)g - CKajiapnoe npoH3Be;i;eHHe b /|, a j3k - K03(J)(J)Hii;HeHTbi BJieivieHTa y npn BJieivieHTax 
e^. B nacTHOCTH i| = I2 npH ^ ^ < 1/2 H /| = © span{e''}l npH 1/2 ^ ^ < 5/2. Mbi Sy^eM 
Hcnojib30BaTb cjie^yiomee yTBepjK^eHHe, ;],OKa3aHHoe b |19| . 

Ilpe^jioJKeHHe. ilpn ak)6om 6 onepamop 

(1.3) Ta = bk = — a{x) sinkxdx 



peaAusyem u30Mop(fju3M co6oAeecKozo npocmpaHcmea l^|[0,7r] ha /|. 
Tenepb c(J)opMyjiHpyeM ochobhoh pesyjibTaT CTaTbH. 

OcHOBHaa TeopeMa. IJycmb {\k}'i' u - nocAedoeameAbHocmu co6cmeeHHUx 

SHaueHuu onepamopoe Lo u Ldj^, coomeemcmeeHHO, c KOMUAeKCHUM nomeHv^uaAOM 
q{x) G W2^^ (uAU a{x) G W2), 6^0. 06pa3yeM nocAedoeameAbHocmb {sk}"^, sde 

S2j-1 = 0' - 1/2), S2j = ^/X'j-J, J = 1,2,.... 

3decb SHaneHUH Kopun eu6upa}omcH maK, Hmo6u apzyMenmu hucca ^JJTj u a/A^ AecncaAU 
6 npoMeofcyruKe (— 7r/2, vr/2]. Tozda F{a) = {sk}'^ neAHemcH omo6paofceHueM us W2 e /|, 

npUHCM 

F(a) = -(l/2)Tf7 + $(a), 
sde AuneuHuu onepamop T onpedeAen ()1.3p . a HeAuneuHoe omo6paMceHue $ omo6pacHcaem W2 
e I2 , sde 

_ ( 29, ecAu ^ ^ ^ 1, 
1^ + 1, ecAU 1 ^ 6 < 00. 

Upu amoM omo6paotceHue $ : W2 — ^ I2 sieAHemcH ospanuHeHHUM e nacncdoM uiape, m.e. 

(1.4) ||$((t)||t- < C||cr||6i npu ecex a, \\cr\\g < R, 

sde nocmoHHHaH C saeucum am R ho ne saeucum om o e mape \\(j\\g < R. 

KpoMe Toro, b pa6oTe Sy^eT flOKaaano, hto F(a) aBjiaeTca BemecTBennbiM anajiHTHHecKHM 
OTo6pa>KeHHeM h ero npoHSBO^Haa b to^kg a = coBna^aeT c onepaTopoM — (1/2)T. 

B KjiaccHHecKOM cjiy^ae 9 > naHGojiee TO^Hbie acHMnTOTHKH ^jia coScTBennbix aHaneHHii 
npn ii;ejibix 6 nojiynnji MapneHKO |15[ rji. 1]. Ero peayjibTaT b Hamnx TepMnnax mojkho 
nepe(J)opMyjiHpoBaTb TaK: npn 6 = 1,2,..., OTo6pa>KeHHe $(o") : W2 ^2^^ KoppeKTHO 
onpeflejieHO na KajK;i;oM BJieivieHTe. 3;i;ecb mm pasBHBaeM ;i;pyryio TexHHKy, npnroflHyio 
fljiH flOKaaaTejibCTBa paBHOMepnoH orpanHHenHOCTH. HpaMafl aa^ana IIlTypMa-JlHyBHjiJia c 
noTeHn,HajiaMH-pacnpeflejieHHflMH (cjiynaii 6 G [0, 1)) noMHMO yKaaannbix HaniHx CTaTeH 
Hsy^ajiacb b paSoTax FpHHHBa h MnKHTioKa [5|-|10|. Kannejiepa h Mepa |12| . KopoTseBa |13| . 

OflHHM H3 HanSojiee BajKHbix cjie^CTBHH OCHOBHOH TeopeMbi flBjiflGTCfl cjie^yiontHH 
peayjibTaT: Upu 6 > omo6pacHceHue $(cr) : W| — > /| HeAHemcH KOMnaKmnuM, m.e. 
F{a) : W2 — > I2 HGAHemcH CAa6o HeAuneuHUM omodpaotcenueM. 3tot 4)aKT 5y;],eT nrpaib 



KjiiOHeByio pojib fljifl nojiy^enna peayjibTaTOB o rjioSajibHoii yctoh^hbocth b o6paTHOH aa^a^e 
IIlTypMa-JlHyBHjiJifl, ^to mbi njiannpyeM npoBecTH b ^pyroii paSoTe. 

B SToii CTaTbe mm ne HsynaeM cjiynaii ^ = 0. 3tot cjiy^aii ocoSmh h Tpe6yeT OT^ejibHoro 
paccMOTpeHHa. 

§2. CjiynaH < ^ < 1/4. 

HpH < < 1/4 ocHOBHaa TeopeMa SKBHBajieHTna cjie^yiomeMy yTBepjK^eHHio: 

Teopema 2.1. Uycmb (y{x) G - {An}i^ u co6cmeeHHue SHanenuH onepamopoe 

Ld u Ldn, coomeemcmeeHHO. Tozda 



A„ = n - (l/2)62„ + a2n 
2 



= n - 1/2 - (l/2)fe2n-l + a2n-l, 



7r 



/ cr(x) sin(A;x)(ix, fc^^lafcp < C, 



a nocmoHHHaH C saeucum moAbKO om paduyca R mapa \\(y\\e ^ R, e KomopoM Haxodumcsi 
(fjyHKU^UM cr = f q{x)dx G L2[0,7r]. 

^OKASATEJlbCTBO. Mbi SyflGM Hcnojib30BaTb cjie;],yiomHe jieMMbi. 

JIemma 2.2. Uycmb hucao p G C maKoe, nmo cymecmeyem peuienue 6 = 0{x,p) ypaeHenuM 



(2.1) e{x, p) = px + j a{t) sin(2e(t, p)) dt + ^ J ^^(^)di - f^^(^) cos(2^(t, p)) dt. 



Tozda pemenue s{x,p) ypaeneHUH 

Ly = p^y, 

ydoeAemeopHTomee ycAoeuHM s(0,p) = 0, s^^^{0,p) = 1, donycKaem npedcmaeAeHue 

(2.2) ps{x, p) = r{x, p) sin 9{x, p), 
sde 

{X X \ 

- j a{t) cos{29{t, p)) dt-^J a^it) sin{29{t, p)) dt \ . 
J 

/loKasameAhcmeo btofo yTBepjK^eHHa HMeeTca b n. 2.1 pa6oTbi jl8| . <l>yHKn,HH r n 9 
HasBaHbi MOflH(J)Hn,HpoBaHHbiMH (J)yHKn,HflMH npio(J)(J)epa, a npeflCTaBjienHe (12. 2|) — nojiapHbiM 
npeflCTaBjiGHHeM . 

JIemma 2.3. Uycmb a{x) G L2, ||o"||l2 ^ R, a u — (f)UKCupoeaHHoe hucao. Uoaomcum 

v{x,p) = j a{t) sin{2pt)dt + 2 j J a{t)a{s) cos(2pt) sin{2ps)dsdt + ^ j a^{t){l -cos{2 pt))dt, 
000 



T(p) = max 

0^a;<7r 



a{t) sin(2pt) dt 



a{t) cos(2pt) dt 



+ 



R^{1 + K + Rx^) 



2|p| 
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sde K = ch27rz/. Tosda naudemcM adcojitomHaH nocmoMHuaM e > (momcho esnmh e = 2"'^ ), 
manafi, nmo Sam ecex p, Aeafcavj,ux e noAoce \ lm p\ ^ u u ydoeAemeopMrnmux ycAoeuio 

(2.3) T(p) < £(1 + 64i?2x2)-2, 

ypaeneHue (I2.H1 UMeem eduHcmeeuHoe peuienue 6{x,p), Komopoe npedcmaeuMO e eude 

(2.4) eix, p)=px + fix, p), |/(x, p) I ^ CTip), 
sde C — adcoAwmnaH nocmoHHuaH. EoAee moso, 

(2.5) e{x,p) = px + v{x,p) + r{x,p), \r{x, p)\ < C{R)T\p). 

/^OKASATEJlbCTBO. 3to yTBepjKfleHHe flOKaaano b jieMMe 2.1 pa6oTbi |18| . ho npH Sojiee 
orpaHHHHTejibHOM ycjiOBHH: npn \p\ > tq, r^e tq aaBHCHT ot u m a. MtoGbi nojiynHTb 
6ojiee TOHHyio saBHCHMOCTb tojibko ot R h u, npoaHajiHsnpyeM 3Tanbi 1 h 3 ;i;oKa3aTejibCTBa 
jieMMbi 2.1 H3 |18| . 3;i;ecb mm coKpainaeivi BbinncjieHna, KOTopbie jierKO BOCCTanoBHTb 
caMOCToaTejibHO hjih h3 |18j . 

06o3HaHHM Hepe3 F{9) npaByio nacTb ypaBHeHna ()2.H) h paccMOTpnivi b npocTpancTBe 
C[0, tt] OTo6pajKeHHe 

HO) = F{d + ^o) - ^0, ^0 = 0o{x,p) = px. 

YpaBHeHHe <\2.1^ nepennmeM b BH;i;e 

/ = $(/), f = 0-eo. 

Bocnojib30BaBmHCb TpHroHOMeTpH^ecKHMH (|)opMyjiaMH fljia Bbi^HCJienHa BbipajKenHH 
F{f + 6q), nojiyHHM 

$(/) = $0(/) + <fl(/) + $2(/) + $3(/), 



% = j (y{t) sm(2pt) dt+^j - cos(2pt)) dt, <l>i(/) = 2 j f{t)a{t) cos(2pt) dt, 



X X 

$2(/) = / a{t) cos(2pt)(sin2/(t)-2/(t))dt- / a{t) sm{2 pt) {1 - cos 2 f{t)) dt, 



2p 





X 



1 - COS 2 f{t)) cos{2pt) a^{t) dt + j sin2/(t) sm{2 pt) {t) dt 



.0 
,2 



HoKajKeM, HTO OToSpajKeHHe $ aBJiaeTca cxcHiviaioinHM b mape ;i;ocTaTOMHO Majioro pa;i;Hyca 
npocTpancTBa C[0, vr]. ^ajiee nopiviy b C[0,7r] mm o6o3HaHaeM TaK me, KaK aScojiiOTHyio 

BejIHMHHy I ■ |. SaMGTHM, HTO $o HG 3aBHCHT OT / H 

(2.6) |<l>o| < T(p). 

OTo6pajKeHHe $i ecTb jiHHeHHbiH onepaTop, npn^eM 

X X 

= 4 y /(s)a(s) cos(2ps) j a{t) cos{2pt) dtds. 
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Tor^a 

(2.7) < 2V^i?x|/|, |$?(/)| < 8v^i?xT(p)|/| 

(3;i;ecb MM yHJiH, hto | J_,^| < 2T(p)). ^ajiee, ecjiH / h jiejKaT b mape pa^nyca r npocTpancTBa 
C[0,7r],TO 

(2.8) |$2(/) - $2(^)1 < 4v^i?xch2r |/ - < 8v^i?xr ch2r |/ - 

(2.9) |<l>3(/)- $3(^7)1 ^ |pr^i?V(sh2r + ch2r)|/-(?|. 

riocjieflHHe flBa nepaBencTBa mm nojiy^HjiH c y^eTOM cjie^yiomero HSBecTHoro (J)aKTa: ecAU 
G{^) — anaAumuHecKaM tpyHKHfUH, mo \G{^) — G{Q\ ^ M\^ — C\, zde M = max|G"(?7)| u 
MaKCUMyM 6epemcH no rj, AeotcavneM na ompesKe [C,, Q KOMnACKCHOu UAOCKOcmu. 

riojioJKHM r = 1/16(1 + 64i?^x^)~^. Tor^a K094)(|)Hn,HeHT cjKaTHa OTo5pa>KeHHa $i$2 He 
npeBocxo;i,HT 2~^. H3 (j2.6|) - (j2.9jl cjieflyeT, ^to gcjih KajK^oe h3 ^hcgji IGTRx, 2i?^x|p|~^, 
8i?^x^|p|~^ He npeBOCxo^iHT 2~^ (a 3to TaK, ecjiH BbinojineHO HepaBencTBO ()2.3|1 c hhcjiom 
e = 2~^), TO KajK^ioe h3 OToSpajKenHii j,k = 0,1,2,3, aBJiaeTca cjKHMaiomHM 

c K034)4)Hii;HeHTOM cjKaTHJi ^ 2^^. Cjie;i;oBaTejibHO, $^ — cjKHMaioinee OTo5pa>KeHHe c 

K09(|)(|)HIi;HeHT0M CJKaTHJI ^1/2. 

HoKajKeM, HTO $^ nepeBOflHT map |/| ^ r b ce5a. Ha onpe^ejieHna cjie;i;yeT, hto 
|$(0)| < T = T(p). HpaMMMH BbiHHCJieHHaMH (cm. 9Tan 1 b flOKaaaTejibCTBe jigmmm 2.1 
paSoTM [18] ) MOJKHO nojiy^HTb on,eHKy 

(2.10) |$2(0)-t;(x,p)| < [(3 + 4v^i? + 2i?')x' + 2] T2(p) < T(p). 
BsHB HHCJio e flocTaTO^HO MajiMM (nanpHMep, e = 2"''), c yneTOM (|2.3jl nojiy^HM 

\^\0)\ < \(!>\0)-v{x,p)\ + \v{x,p)\ < T(p) + (l+xi?)T(p) < £(2+xi?)(l+64i?2>^2)-2 ^ ^^^2)r. 

H3 HepaBGHCTBa |$^(/) -$^(0)1 < (1/2)|/| Tenepb nojiynaeM |$^(/)| < (l/2)(|/|+r) < r, ecjiH 
I/I ^r. 

TaKHM o6pa30M, $^ — cjKHMaiomee OTo6pajKeHHe b MajiOM mape npocTpancTBa C[0, re]. Bsjib 
/o = 0, nojiyHHM, HTO nocjieflOBaTejiBHbie npHSjiHJKeHHH = $(/fc_i) cxo^aTca k pemeHHio / 
ypaBHeHHH / = $(/). OyHKn,Ha 9 = f + Oq Sy^eT pemeHHCM ypasHeHHa (I2.H1 . 

OyHKitHH / ecTb cyMMa pa^a 

$(/o) + [$(/i) - $(/o)] + [$'(/i) - $'(/o)] + . . . . 
TaK KaK $^ — cjKaTHe c K03(J)(J)Hn,HeHT0M ^ 1/2, to HMeeM on,eHKy 

I/I < mfi)\ + Er=i - + Er=i 2^'!^^ - < 

rfle C — a6cojiiOTHaa nocToaHHaa. 3to bjighgt ()2.4|) . 
OcTaeTca flOKaaaTb HepaBencTBO p.5|) . SKBHBajieHTHoe 

(2.11) \f-v\<C{R)T\p). 

YHHTMBaa HepaBGHCTBO 1/4 — /al = l^ifs) — $(/2)| < C*(-R)|/3 — /2I H on,eHKy (12.1011 . nojiy^aeM 

1/ - t^i < 1/ - /21 + 1/2 - ^1 < Er . - ^2i + , 2-1/4 - /31 + 1/2 - t;i < 

'fc=i 'fc=i 

<(l + C(/?))|/3-/2|+C(i?)T2(p). 



^ajiee, bhobb y^HTbiBaa (I2.1()|l . HMeeM 

1/3 - /2I < 1/3 - Hv)\ + 1/2 -v\ + Mv) -v\< + CiR))T'ip) + mv) - v\ 

H3 ((2IH1) H cJie^yeT |$2(t^)| + \^3iv)\ < C{R)T'^{p), nosTOMy 

Mv) -v\<\v-<!>o- ^^liv)] + C{R)T'^{p) < 



< 




4 / I / / a [t) a (s) a [t) cos 2 pt cos 2 ps sin 2 pr dr ds | dt 
\ 



+ 



+ 



X t 



~J J crit)cr'^ (s) COS 2 pt {1 — COS 2 ps) ds dt 







< CiR)T\p). 



TaK KaK flBOHHOH HHTerpaji nocjie HSMeneHHa nopa^Ka HHTerpHpoBannfl mojkho npe^CTaBHTb 
B BHfle npoHSBe^eHHa oSbi^hbix HHTerpajiOB, to o5a HHTerpajiBHbix cjiaraeMbix on,eHHBaiOTCfl 
BejiH^HHOH C{R)T'^{p). 3to flOKasbiBaeT HepaBencTBO (|2.1H1 h, tgm caMbiM, yTBep^Kflenne 
jieMMbi. □ 

JIemma 2.4. Uycmb cr{x) G W2 , ^ 6* ^ 1, ||o"||0 ^ i?. Tozda npeo6pa3oeaHue Qypbe amou 



(2.12) 



F{p) = / aix)e'f"' dx 



6 noAoce I Imp| ^ z/ donycKaem ov,eHKy \F{p)\ < CR\p\ ^ , sde C saeucum moAbKO om v. 

^OKASATEJIbCTBO. 3to yTBepjK;i;eHHe, no-BH;i;HMOMy, aBJiaeTca (J)OJibKJiopoM jiflu 
cneii;HajiHCTOB, ho mm saTpyflHaeivica yKaaaTb TOHHyio ccbiJiKy. HoBTOiviy npeflCTaBHM 
flOKaaaTejibCTBO . 

Hpn ^ ^ ^ 1 4)yHKii;Ha a G W| npe;i;cTaBHMa pa;i;0M no KOCHHycaM 



(2.13) 



^ix) = 2^^^^CkCOskx, rfle l^^^^k \ck\ < -R . 



HpoBe^eM on,eHKy F{p) bhg KpyroB \p — k\ < 1/2, k = 0, ±1, ±2, . . . (BnyTpH sthx KpyroB ona 
6y;i;eT cnpaBefljiHBa no npHHn;Hny MaKCHMyivia ji^jisi anajiHTHnecKHx (|)yHKn;HH) . rioflCTaBHM pa^i; 
fljia a B HHTerpaji n npoHHTerpnpyeM noHJienno. Hojiaraa c_fc = c^, nojiynnivi 



1/2 



1/2 



fc=— 00 \A;=— 00 / \fc=— 00 

Tenepb yTBepjK^^enne jigmmm cjie;i;yeT h3 TpnBnajibHbix HHTerpajibHbix on;eHOK 
'''^ " -26 /" dt ^ Cp~'^^ 



i: 



'1 t^^{p-ty 

JleMMa flOKaaana. 



< Cp 



-1 t^'{t-py 



□ 



JIemma 2.5. IJycmb nocAedoeameAbHocmti {pn}i° manoea, nmo \pn — n\ <5 < 1/4. Tozda 
npu Q < 6 < 1/2 onepamop : W2 (-2, onpedejieuHuu paeencmeoM 



ospaHuneH u eso nopMa saeucum mojihKO om S u 6. 







/lOKASATEJlbCTBO. CorjiacHO TeopeMe Ka;i,en,a j^, CHCTeMa {e*^"^}f' U 1 U {e~*/'"^}f 
oSpaayeT SasHC Pncca b npocTpancTBe L2[0,27r], ecjiH \pn — n\ < 6 < 1/4, npn stom 
HopMa onepaTopa, nepeBO^amero stj CHCTeMy b npoHSBOJibHyio opTOHopMHpoBanHyio CHCTeMy, 
saBHCHT TOJibKO OT 6. Cjie;i;oBaTejibHO, onepaTop T27r : L2[0,27r] £2 orpaHHMen h ero Hopivia 
^ C{6). EcjiH f{x) G iy2[05 27r] (laK oGosHanaeM no;i;npocTpaHCTBO 4)yHKii;HH b iy2^[0,27r], 
aHHyjiHpyioinHxca na KOHii;ax OTpesKa [0,27r]), to HHTerpajibHbie npe;i;cTaBJieHH5i fljia hhcgji 
c„(27r) MOJKHO npoHHTerpnpoBaTb no nacTaivi. Tor;i;a c yneTOM oii;eHKH |p„| > n/2 nojiynaeivi, 
HTO onepaTop 

T2, : W^^[0,27r] ^4 

o ^ o ^ 

TaKJKe orpaHHHen h ero HopMa ^ 2C(5). Ecjih W2 — \W21L2\e — npoMeacyTOHHoe 
npocTpancTBO, to, b CHJiy Teopeivibi 06 HHTepnojiaii;HH (cm., Hanpniviep, |21| V HopMa onepaTopa 
T2tt '■ W2 ^2 = [^2j^2]e He npeBocxo;],HT 2^C{S). Tenepb aaivieTHM (cm. [l], [21]), ^to 
npH ^ 9 < 1/2 npocTpancTBa W2 ^ ^2 coBna;i,aiOT, a onepaTop yMHOJKCHHa Xx na 
xapaKTepncTH^ecKyio (|)yHKn,Hio OTpesKa [0,x] orpanH^en b npocTpancTBC H3 paBcncTBa 
Tj. = T2.jrXx nojiynacM yTBepjK;i;eHHe jiCMMbi. □ 

JIemma 2.6. Uycmti a{x) G L2(0,7r), ||a|| ^ R. Tozda ece Kopuu c^yuKnuu s{tt,p) Aeofcam e 
noAoce I Imp| < ie'^'^^. 

/^OKASATEJlbCTBO. HsBCCTHO [lOj. HTO cnpaBe^jiHBO npe^CTaBjicHHe 

X 

(2.14) ps{x, p) = sm{px) + J K{x,t) sm{pt)dt, 



r^e aflpo K{x,t) G ^2(0,7?) npn KajK^OM (|)HKCHpoBaHHOM x G [0, vr], b nacTHOCTH, 
||-ft'((7r, x) II < C((t). B paSoTC |10| aBHO ne yKasbiBajiacb aaBHCHMOCTb C ot ct, ho h3 anajiHsa 
flOKaaaTCJibCTB (cm. TaKJKC [Zj h [S]) JierKO bh^ctb, ^to C < e^^. Tor^a HHTcrpajibHoe 
cjiaracMoe b (I2.14|1 npH p = p + iu on,eHHBaeTca bcjih^hhoh 

1/2 



J |ir(7r,t)|e^*cit < e"-^ ( y e^^" rft 



'2v 



HocKOJibKy |sin7rp| > (l/2)e'''^, to npn v = |Imp| > 4e^'^^ ypaBHCHHe p.l4|l KopneH ne 

HMCCT. □ 



Tenepb saBepniHM ;i;oKa3aTejibCTBO TeopcMbi 12.11 Ha jiCMMbi 12.21 cjie;i;yeT, hto Kopnn 
(i)yHKn;HH s(7r,p) n sin^(7r,p) coBna^aiOT c nncjiaMn ipn- OnepaTop yMnoiKenna Xx 
na xapaKTepncTHHecKyio 4)yHKn;Hio OTpesKa [0, x] orpannnen b npocTpancTBax W2 npn 
^ ^ < 1/2 KOHCTaHTOH, 3aBHcain,eH ot 6, no ne saBHcamen ot a; G [0, vr]. HosTOMy h3 
.TTCMMbi (2.41 BbiTeKacT. ^TO HcpaBeHCTBO (12. 3|) Bbinojineno ^Jia Bcex tohck p nojiocbi |/mp| < u 
npn 

IpI > [Ae-^RC{u){l + QAR^j<'^)^ + R^>i + R^x'^Y^'^ = ro =ro{u,e,R). 



3to osHanaeT, ^to fljia Bcex tekhx to^gk p cnpaBe^JiHBO yTBep>KfleHHe jieMMbi 12.31 4)yHKn,Ha 
6{p,x) KoppeKTHO onpeflejiena h cnpaBeflJiHBbi npe^CTaBjienHa (I2.4|l . ()2.5I1 . Ha rpaHHn,e Kpyra 
|p — n| < CRn~^ , corjiacHO jieMMe [231 npn Bcex n > Uq = no(-R) cnpaBefljiHBa on,eHKa 

|/(7r,p)| < CT{p) < CR\p\-' = Ivrp - nn\. 

Ha npe^CTaBjieHHa (I2.4|l h TeopeMbi Pyme nojiynaeM, hto ypaBHenne 6(tt,p) = rm hmgct b 
3T0M Kpyre poBHO o;i;hh Kopenb. KaK flOKaaano b Hamefl pa6oTe |18| f cm. Teopeiviy 2.8), btot 
KopeHb 5y;i;eT HivieTb HOiviep n. BbiSopoM nncjia no mm MOJKeM ;i;o6HTbC5i BbinojineHHa ycjiOBna 
CRn-'' < 6 < 1/4. H3 jieMMbi EH Tor^a HMeeM {T(p„)}^^ e h ||T(p„)||e = 0(1). 3;^ecb h 
flajiee ^epea 0(1) oSoaHanaeTca BejiHHHna, KOTopaa on,eHHBaeTCH KOHCTaHToii, aaBHCHmeH ot 
-R, 9, HO He aaBHCHmeH ot a b mape ||o"||6i ^ -R. B CHjiy .ireMMbi (2.61 nepBbie no nyjien jie>KaT b 
npaMoyrojibHHKe niHpHHbi < C{R) h ^jiHHbi < Uq + 1. HosTOMy Taxaa >Ke on,eHKa coxpanHTca 
fljia nocjieflOBaTejibHOCTH {T{pn)}f. 
HojioJKHM Tenepb 

7r 

1 2 f 

S2n := Pn-n = --b2n + Q-^n, W bk = - (r{t) sin ktdt. 

2 TT J 



Mbi y>Ke flOKaaajiH, hto |s2n| = O(n^). YpaBHeHHe 9{7i,pn) = vrn nepennmeM b bh^b 

7r 

(2.15) nn = n{n + (-l/2)62n + a2n) + / fx(t) sin 2{n + S2„)t dt+ 





7r t 




+ 2 / / a{t)a{s) cos2{n + S2n)'tsm2{n + S2n)s dsdt + r^, 







r^e r„ < T^(p„) + 0(n ^). HosTOMy {r„} G h ||{r„}||26) = 0(1) (aaMGTHM, hto 
nocjie^OBaTejibHOCTb {n^^}^ npHHaflJie>KHT npocTpancTBy npH ^ < 1/4). Hcnojibsya 
TpHroHOMeTpHHecKHG 4)opMyjibi, nepBbiii HHTerpaji npe^CTaBHM b bh^g 



/ a"(t) (1 — cos2s2ni':) sin(2nt) (it + 7r/2 62n + / cr(t) (sin 2s2ni) cos 2nt 
Jo Jo 



dt 



'0 Jo 

CjiaraeMoe 7r/2 b2n coKpaTHTca c laKHM jkb cjiaraeMbiM b (I2.15jl . a ^jih on,eHKH ocTaBniHxca flByx 
HHTerpajiOB pa3Jio>KHM (|)yHKn,HH 1 — cos 2s2n^ H sin 2s2n^ B pflfl no CTeneHHM 2S2nt- HojiyHHM, 
^TO 3TH flBa HHTcrpajia on,eHHBaiOTCfl bcjih^hhoh 

oo ^ oo ^ 

(2.16) \s2n\^ ^ Tl |Cfcn| + |s2n| Tyl^fcnl, 



k=l k=l 



TT 

(2t)'' cr(t) cos(2rat) dt, bkn = j {'^tf (^{t) sin(2nt) dt. 



S^ecb, ne orpanH^HBaa o6n],HOCTH, mm c^HTacM |s2n| ^ 1, Tax KaK sto nepaBencTBO MO>KeT 
napymaTbca TOJibKO fljia hh^ckcob, ^hcjio kotopmx ^ C{R). Ha onpeflejienna nopMbi b 
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npocTpancTBax W2 npn < 6 < 1/2 cjie^yeT 

(2.17) ^ n^^|c,„p + ^ = vr||(2t)V||^ < i2nr^^a\\l 

»n=l »n=l 

H3 on,eHOK ()2.16|) h ()2.17|) cjie^yeT, ^to npH (J)HKCHpoBaHHbix k nocjieflOBaTejibHOCTH 
{|s2n|&fcn}i° H {|'S2npCfc„}^ npHHa;i;jie>KaT npocTpancTBy h hx HopMbi orpaHHHeHbi hhcjiom 
0(271)^ /k\. AnajiorHHEbiM npneiviOM oii;eHKa flBOHHoro HHTerpajia h3 p.l5p CBOflHTca k oii;eHKe 
HopMbi ||{t/;„}||2e, r;i;e 



/I L 

Wn = J J (T (t) a (s) COS 2nt sin 2nsdsdt. 




On,eHKa - HopMbi 3toh nocjie^OBaTejibnocTH npoBe^ena b nameH pa6oTe [18| npeflJio>KeHHe 
3.8]. HiaK, HHCJia {a2n} b (|2.15|1 TaKOBbi, HTo{a2n}i° ^ ^2^, h HopMa 3toh nocjieflOBaTejibHOCTH 
ecTb 0(1). 

AnajiornHHO flOKasbiBaeTca yTBepjK;i;eHHe TeopeMbi ;i;ji5i nocjieflOBaTejibHOCTH {Q!2n-i}i°- 
Hy>KHO TOJibKO y^ecTb, hto ps^^^{x,p) = r{x, p) cos9{x, p) (cm. jieMMy 2.5 pa6oTbi |18| ). 
TeopeMa flOKaaana. □ 

3AMEMAHHE 2.7. B cAi/Hae a G , ^ 6 < 1/2 e pa6ome [18j doKasauo, nmo {a^jf G tf 
He mojibKO npu p = 2, ho npu ecex p > 1. CoeepmeHcmeyji Memod cmambu [18\ momcho 
noAyHumt 6d.abiuee: HopMci nocAedoeameAbHocmu {<yk}T ^ > p > 1, ^ 9 < 1/2 
o%eHU6aemcH KOHcmaHmou C, saeucnui^eu moAbKO om 6, p, R, ho he saeucnui^eu om a e uiape 
ll^ll^.p ^ R, fn.e. meopeMa p.ip donycKaem cymecmeeHHoe ycuAenue. Ho smo mpe6yem 6oAee 
dAumeAbHou pa6omu. 



§3. CjiyHaii 6 = 1. 

HpH 6 = 1 HMeeM KjiaccH^ecKHH noTeHn,Haji cr'(x) = q{x) G L2. EcTecTBGHHO, 3tot cjiynali 
nanSojiee npocT. OcHOBHaa TeopeMa b btom cjiy^ae SKBHBajieHTna cjie^yiomeMy yTBep>KfleHHio. 

Teopema 3.1. Upu a{x) G 14^2^0'^] cnpaeedAueu c^opMyAU 

_ hi ^ a2k Ol2k _ 91 0'2k~l «2fc-l 

^^''~2k~ 2(2k) 1^' ~ 2k^ ~ 2(2A;- 1) 

zde 

(7(7r)-a(0) 1 ? , , , -(T(0)-a(7r) 2 /" , , 

hi = = — q[xj ax, gi = , ap = — q[tj cosptat, q[xj = a [x], 

71 IT J TT TT J 



a HUCAa an manoeu, umo Yl'^=i Ic^nP ^ C{R), sde nocmonHHaH C{R) saeucum moAbKO om 

R = Ikll = IklUa < Ikl 



1- 



/[I^OKASATEJlbCTBO. 3KBHBajieHTH0CTb 3Toro yTBepjKfleHHJi H ocHOBHOH TeopeMbi npH 
6 = 1 CTaHOBHTca acHOH, ecjiH paBencTBa ()1.3p npoHHTerpnpoBaTb no nacTJiM. Tor^a 

, hi a2k , gi 0'2k-l 



'^^ 2k 2{2ky ^'"^ 2k -1 2{2k-l)' 

OcTaeTca npoBecTH on,eHKy nopMbi nocjie;],OBaTejibHOCTH {ak} b npocTpancTBe l2- 
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KaK npe>Kfle, Sy^eivi paSoTaTb c HHCJiaMH S2k = — k. HsMeneHHa, KOTopbie Hy>KHO 

c^ejiaTb npH paSoTe c HHCJiaMH S2k-i, o^eBH^Hbi. 
HycTb s{x,p) - pemeHHe ypaBHenHH 

X 

-y" + q{.x)y = p'^y, a{x) = / q{t)dt, 







c HanajibiibiMH ycjiOBHaMH s(0,p) = 0, s^.(0,p) = p (sflecb y;i;o5Hee HSivieHHTb naHajibHbie 
ycjiOBHa fljia (J)yHKn,HH s, onpeflejienHOH panee b n.2). Hcnojibsya mcto^ nocjie^OBaTejibHbix 
npH6jiH>KeHHH, npe^CTaBHM 3to pemeHHe b BH^e 

oo 

(3.1) S{x,p) ='^Sn{x,p), 

n=0 

X 

/sill oi X — t) 
q(t)Sn-i{t, p)dt, n = 1, 2, . . . . 
P 



B CHJiy on;eHKH 

II II n n/2 

(3.2) \Sn{x,p)\ < "^^f^, e-l^-^ n = l,2,... 



n\\p\ 

(jierKO HpoBepaeMOH ho HHflyKn,HH) pa^ cxo^htca. KaK h panee, oSoaHaneHHa 0{p~^) hjih 
0{k~^) HcnojibsyeM j^jisi BbipajKennH, aScojiiOTHaa BejiHHHHa KOTopbix ;i;onycKaeT on;eHKH 
< C|p|~" HJIH < Ck~"-, k > 1, rp^e HOCToaHnaa C saBHCHT tojibko ot i? = B nepBOM 
cjiynae Bcer^a npe^HOJiaraeM, hto OH;eHKa BbiHOJinaeTca b nojioce | Imp| < C = C{R). 

Ha OH;eHKH ()3.2|1 cjie;i;yeT, hto 



(3.3) 
^ajiee, 



^Sn{x,p) 



n=3 



0(p~^) HpH < X < vr. 



/ .X ^ / X cos(px) f , , , f cosp(x — 2t) . , , 
(3.4) S,{x,p) = ^ J q{t)dt + J ^-q{t)dt, 







(3.5) S2ix,p) 



t 



(2p) 



2 



J amt)dt-J ^^^^^|^a(t)g(t)dt+ J q{t)smp{x-t) J '-^^^^qimdi. 



Ha BbiHHcaHHbix cooTHomeHHH cjie^yeT, hto 

s{tt, p) = sin pvr + 0(p^^). 
HosTOMy HyjiH p^ 3toh (|)yHKn,HH yflOBjieTBopaiOT cooTHomeHHio 
(3.6) Pk = k + S2k, S2k = 0{k~'^). 
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SaMCTHM, ^TO 



t 





Tfi,e XtiO ^ xapaKTepHCTHHecKaa (J)yHKn,Hfl HHTepBajia [0,t]. Pasjiaraa (J)yHKn,HH cos 2(A; + S2fc)^ 
H sin2(/c + S2k)^ B cyMMy npoHSBefleHHH, nojiynaeivi, hto npn p = Pk = k + S2k o5a cjiaraeivibix 
B npaBOH nacTH SToro BbipajKeHna hmgiot bh^ 

(3.7) {akO{k-')}, Tjie 1"^!' < H^Xif < l|gf • 

Cjie;i;oBaTejibHO, TpeTbe cjiaraeivioe b npaBoli ^acTH ()3.5|1 npn x = it m p = pk HMeeT TaKofi me 
BH^i;. Tor;i;a 

(3.8) ^2(vr, Pk) = lkk-\ I^'^l' ^ ^(^)- 

(sflecb Mbi noflpaayMeBaeM, ^to nojiyneHHe TaKoro npeflCTaBjieHHa ^jih nepsbix ^syx cjiaraeMbix 
B npaBoii nacTH (13 .^j) npome, ^eM ^jih TpeTbero). 

^ajiee, c y^eTOM BBeflennbix o6o3Ha^eHHH h3 (13 .411 HMeeM 

(3.9) = (I -^)+^^^" El^^l'^^(^)- 



SannmeM nncjia b BH;i;e 



r^e 5k - HeKOTopbie HHCJia, KOTopbie b CHJiy ()3.6|1 nofl^HHeHbi oii;eHKe 8k = 0{k). HoflCTaBKM 
3T0 BbipajKeHHe b paBencTBO 



(3.10) smpkTT + Si{7r,pk) + S2{7r,pk) + 0{k-'') = 0. 



(sflecb Mbi ynjiH, HTO ocTaTOK pujia H'A.'A^ gctb 0{k ^)). SaivieTHM, ^to {6kk ^)^ = 0{k ^'^ 
nosTOMy 



SmpfcTT = (-1) TTSm — - — — + — = (-1) TC — 



2k 2{2k) k^ J ' ' \2k 2{2k) 



|)+OM. 



rioflCTaBHB BbipajKeHHa ()3.8|1 h ()3.9|] b (jHUDI), nojiynnM (— l)'^7r5fc = — 7^. — 7fc + 0(A; ^). 3to 
paBGHCTBO flOKasbiBaeT ocHOBHyio TeopeMy npH 6 = 1. □ 



§4. Cjiynaii ij;ejibix 6 = m > 1. 

yTBepjK^eHHe ochobhoh TeopeMbi npH n,ejibix 9 = m > 1 nojiynaeTCfl h3 cjie^yiomero 
yTBepjKfleHHa. 
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Teopema 4.1. Ilycm-b a{x) G W^, m.e. q{x) G W^~^ , m > 1. Tosda djiH co6cmeeHHUx 
SHaueHuu Xk u Hk onepamopoe Ln u Ldn cnpaeedAueu cjiedyiomue c^opMyAU. Upu HeuemHOM 
m = 2s + 1 

^ ' ^ {2k) {2kY (2A;)2-+i ^ ' 2(2A;)2-+i 

1/2 _ , _ 1 9Q 9i 9s . . xs Q,2A;-1 Q;2fc 

'"'^ ~ 2 (2A; - 1) (2A; - 1)3 ■ ■ (2A; - l)2-+i ^ ^ 2(2A; - l)2^+i ^ A;2^+2 ' 
Upu HeruHOM m = 2s 

1/2 , ho hi ^ hg / , «2fc 



^ ' ^ ^ (2A;) ^ (2A;)3 ^ ^ (2A;)2^+i ^ ^ 2(2A;)2« ^ P^+i ' 

1/2 = i; _ 1 + + 31 9s _ / ^NS hk-l «2fe-l 

2 (2A; - 1) (2A; - 1)3 ^ ^ (2A; - l)2-+i ^ ^ 2(2A; - 1)2- F^+i ' 

5 3mna: (fiopMyAax {ai}'^ — nocAedoeameAbHocmb U3 h u ee l2-nopMa ov^eHueaemcH 
nocmoHHHOu C, 3aeucMVj,eu om R, ho ne 3aeucMVJ,eu om q e mape ||g||m-i < R.HucAa 
O'l = (ii{q^"^~^^) u bi = bi{q^''^^^^) onpedeAHwmcH (popuyAaMU 



IT 



ai = - 



1 j q{m-i) n^^^ " I / ^^""^^ ^ = 1,2,... 







a HUCAa hj,gj, < j < s neAummcH uenpepueHUMU ospaHuneHHUMU (pyHK%uoHaAaMU om 
a G u ux AUHeuHue nacmu h^,9j npu j < s — 1 eupaotcatomcH (popjviyAaMU 

B CAyuae m = 2s + l smu (popMyAU coxpaHHwmcn npu j = s, a e CAyuae m = 2s (fiyuKii^uoHaAU 
hPg,9g odpaw^awmcH e HOAb. 

/JOKASATEJlbCTBO. HT06bI nOHilTb SKBHBajieHTHOCTb yTBep>KfleHHH OCHOBHOH TGOpeMbl 

H TeopeMbi 14.11 Hy>KHO pabencTBa npoHHTerpnpoBaTb no nacTHM m pa3. HojiyHnM, 

HTO HGTHbie KOOp^HHaTbl nOCJie^OBaTejIbHOCTH T((t) BbipaJKaiOTCfl (J)opMyjiaMH (j4.HI b 

KOTopbix (J)yHKn,HOHajibi hj aaMenaiOTCfl na h^, a ocTaTonnbie njienbi a2kk~"^~^ nojiaraiOTca 
paBHbiMH HyjiK). AHajiorHHHoe yTBep^Kflenne cnpaBefljiHBO fljia HeneTHbix KOop;i;HHaT. Ho Tor^a 
nenpepbiBHOCTb (J)yHKii;HOHajiOB hj — h gj — (7° ot cr G h paBHOMepnaa oii;eHKa /2-HopMbi 
nocjieflOBaTejibHOCTH {a/} bjighgt oii;eHKy (|1.4|) . 

^jia flOKaaaTejibCTBa TeopeMbi 5y;i;eM bhobb HcnojibsoBaTb npe;i;cTaBJieHHe ()3.H1 . Haivi HyjKHO 
HMeTb TOHHyio HH4)opMaii;Hio TOJibKO o cjiaraeMbix 5*^ npn j < m + 1, fljia cyMMbi ocTajibHbix 
cjiaraeMbix corjiacno ()3.2jl nojiynaeM on,eHKy 

00 

(4.3) I Sn{x,p)\=0{p-"^-'). 

n=m+2 

Bbe^eM oSoananeHHa 

z/2^(x,p) := (2p)"^''sinpx, i^2s+i{x,p) := (2p)"(^''+^) cospx, s = 0, 1, . . . , 

-1, ecjiH j = 4s, 4s + 1, 
1, ecjiH j = 4s + 2, 4s + 3. 

Ochoboh ;i;ajibHeHmero ;i;oKa3aTejibCTBa aBJiaeTca cjie^yiomee npe;i;jiojKeHHe. 
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JlEMMA 4.2. nycmh q{x) E W^'^, a{x) = - q{t) dt, m>2. Tozda 



Ix 

X 



lib li 

(4.4) ^i(x,p) = J]z/,(x,p)/i,,(x) + (±)„+i / z/„(x - 2t,p)g('-^)(t)dt, 



(4.5) 52(a;,p)=^ '^jl^? P)/2,j(2;) + (='=)m+2 / 





z/^+i(x - 2t, p)(g(t)a(t))('"-^)cit + 0(p 



(4.6) S^{x,p) = J]z/,(x,p)/p,,(x) + 0(p-'"-2), p = 3, . . . ,m + 1. 

(4.7) A,(x) = (±),(a(^--i)(x) - (-l)^--V(^-^)(0)), 

a npu p > 2 (f!)yHKHuu fp,j{x) onpedeAHwmcH peKyppenmHUMU coomHomenuHMU 

(4.8) 

/p.(^) = (-ly r<i{t)fp-i,j-i{t) dt - f;(±).(±), ([g/p-i,.]^^-^-^^:^) - [?/p-m]^^-^-'Ho)) . 

IJpu amoM fpj{x) G W^'^^^'' ^[0,7r], m.e. npu naotcdoM ^UKCupoeauHOM x fp,j{x) HeAHwmcH 
HenpepuBHUMU ozpaHuueHHUMU (^yHKV^uoHaAaMU om a G W!^. 

/l^OKASATEJlbCTBO. ^ajiee 6jfifiM Hcnojib30BaTb TpHroHOMeTpH^ecKHe TOJKflecTBa 

(4.9) !l!^^^^^^.(t,p) = (-l)^+V,+i(x,p) + z/,+i(x - 2t,p) 
H TOJK;i;ecTBa 

X X 

(4.10) J iy,{x-2t,p)f{t)dt={-iy J fit)du,^,{x-2t,p) = 



X 

= j/,+i(x,p)(/(x)-(-l)V(0)) + (-l)^+^ / z/,+i(x-2t,p)/'(t)rft, 







cnpaBefljiHBbie fljia (J)yHKii;HH /(t) G VF2^[0, vr]. B npHHaTbix oSoanaHeHHax HMeeM 

X X 

/sin pi^x — t) /" 
UQ{t, p)q{t)dt = -ui{x, p) [o-(,t) - o-(O)] + / Ui{x - 2t, p)q{t)dt. 



HnTerpHpya no nacTHM m — 1 pas BTopoe cjiaraeMoe b npanon nacTn SToro panencTna n 
ncnojibsyfl TOJK^ecTBa (I4.1()jl nojiynaeM npeflCTanjienne (14. 4|) . r^e (|)ynKn,nn /i j onpe^ejienni 
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(j4.7|] . HtoSbi nojiyHHTb npe^CTaBjieHHa fljia flpyrHx (J)yHKn,HH S'j, BOcnojibsyeMca TOJK^ecTBOM 

X 

f sin p(x — t) , , , , , , 
(4.11) / l^^^^^p^^^^y^^ 

J P 



X X 

= (-l)^+V,+i(a;,p) y f{t)dt + J us+i{x-2t,p)f{t)dt = 


fX m+1 

a: 

- (-irv^^'^^'^o)) - (±),(±W2 / i/^+i(x-2t,p)/('"-^)(t)dt, 



KOTopoe nojiynaeTca h3 cooTHomeHHii ()4.9p . ecjiH /(x) G VT™ ^[0,7r]. 3to TOJKflecTBO SBJiaeTca 
ocHOBHbiM fljia flOKaaaTejibCTBa npe;i;cTaBJieHHH (|4■5^) h (^31). CnaHajia aaivieTHM, hto 



i 

(4.12) y j um{t - 2^,p)q(--'\0d^dt = 0{p—'^ 



3to nojiynaeTca HHTerpnpoBaHHeM no nacTSM c yneTOM paBencTB 

sinp(x — t)dt = p^^dcosp{x — t), Umix, p) = 0{p^"^). 
Tenepb c yneTOM ()4.1H1 n ()4.12|) nojiynaeivi 



^ s— 1 

m / m+1 

= -5^ (-l)^+V.+i(x) / 5^ u,{t,p){±)s{±U[qh 

s=l \ j=s+2 

X 

-{-iy~'[qfiJ'—'\0)) - {±)s{±U+2 [ z/„+i(x-2t,p)[g(t)o-(t)](™-i)rft I +0(p-™-2). 



hJ'-'''Hx)- 



3flecb Mbi ynjiH, HTO fij G W^~^^ "' [0, vr] npn j > 2, noBTOMy npn TaKHx ana^ennflx Hn^eKca j 
HHTerpHpoBanne no nacTaM MO>Kno npono^HTb ^o Tex nop, noKa nnierpajibnoe cjiaraeMoe ne 
CTaneT pannbiM 0{p~^~'^). Menaa b nocjieflnen (|)opMyjie nopaflOK cyMMnponanna n ncnojibsya 
o6o3nanenna (I4.8jl . nojiynaeM npeflCTanjienne (14 .Sj] . 

^OKaaaTejibCTBO panencTBa (j4.6j) npoBOflHTca Tonno TaKJKe, fla>Ke nponte, Tax KaK ne 
BoannKaeT npoSjieMbi c on,enKOH flBoiinoro nnierpajia (I4.12j) . Hocjieflnee yTnepjKflenne jieMMbi 
o npnnafljieiKHOCTH 4)yHKn;HH fpj npocTpancTBaivi aBJiaeTca OHeBH;i;HbiM. JleMMa 

flOKaaana. □ 

TJoKaaaTejibCTBO TeopeMbi Tenepb sanepninM no nnflyKn,nn. yTBepjK^enne yace ^OKaaano 
fljia m = 1. npe;i,nojio>KnM, nxo (jDopMyjia (j4.Hl nepna ^Jia m — l=2s — l,s>l. ^OKa>KeM, 
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^TO (J)opMyjia ()4.2|) Bepna fi^Jiii m = 2s. /Jajiee yfloGno HcnojibsoBaTb oSoana^eHHe 

r^e Cj — HeKOTopbie ^HCJia. Mepea {'jk} oSoana^aeM pasjiH^Hbie nocjie^OBaTejibnocTH, /2-HopMa 
KOTopbix ecTb 0(1). C yneTOM 3thx oSoana^enHH (J)opMyjiy M-lj) fljia m — 1 sanHineivi b bh^g 

:= Pfc = A; + S2._i - (-l)'=a2fc2-i(2A;)'2s+i ^ ^^^^-2s ^. ^ ^ ^ ^^^-2s_ 

3;i;ecb a2k = a2A:(5'*-™^^0 = — (2/i;)^^&2fc(Q'*-™^^''), '^to nojiynaeTca HHTerpnpoBaHHeM no nacTaM. 
HosTOMy /2-HopMa HensBecTHOH nocjieflOBaTejibHOCTH {6k} ecTb 0(1). Hiviea TaKyio anpHopnyio 
HH(J)opMan,Hio, nojiynaeM 

sinpfcvr = (-l)'=7r(S2,+i + 4^:"^') + lkk-^"'\ cospfcvr = (-l)'^(l + S2S+1 + Ikk-^"'^). 

BocnojibsoBaBniHCb paBencTBOM (2p)^*z/m(x — 2t) = sinpx cos2pt~cos px sm2pt, oii;eHKOH ()4.3|1 
H npeflCTaBJieHHJiMH ()4.4|1 - ()4.6|1 . HaxoflHM 

= s(pfe,7r) = S2.+1 + {-If7r6kk''^'+ 

+ (±)„+i(-l)'=+V2-2^-^rt2fc(g("^-^)) +7.fc-2-i + 0{k-''-'), 

H3 BToro paBGHCTBa cjieflyeT 

Sk = i±)m+ib2kiq^'"-'^)2'''-' +lkk-' 

MTO BJieneT (J)opMyjiy ()4.2p .(I>opMajibHO HyjKHO npoBecTH eiii;e OflHH mar HH;i;yKii;HH: nepexofl 
OT HGTHoro m = 2s K HeneTHOMy m = 2s + 1. Ho bto flejiaeTca tohho TaKJKe. Teopeivia 14.11 
flOKaaana. □ 

TeM caMbiM yTBepjK;i;eHHe ochobhoh TeopeMbi ;i;oKa3aHO npn jiioSom ii;ejiOM m > 1. 

3AMEMAHHE 4.3. Ms doKasameAhcmea meopeMU c/iedyem, umo nucAa hi,...,hs 
onpedeAHwmcn peKyppenmHO u HeAHwrncn auheuhumu KOMduHav^unMU Koscfjcfjuv^ueHmoe 
pasAoofceHuu (pyHKV^uu Sj{p,7r), j = l,...,m + 1 no cmeneHMM p~^ , m.e. HeAHiomcH 
AUHEUHUMU K0M6uHau,unMU SHaueHuu (f)yHKU,uu fj,p{x) 6 moHKax X = u X = IT. 9mo 
saMeuaHue noseoAnem cdeAamb eueod: (^yuKu^uoHaAU hj,gj HeAHwmcn du(^(f)epeHU,upyeMUMU 
omo6paotceHUHMU us npocmpaHcmea W2 e nocKOAhny amuM ceoucmeoM odAadawm 
(pyHKUfUOHaAU fj,p{0) u fj^p^n). 



§5. ^H(J)(J)epeHij;HpyeMOCTb OTo6pa:aceHHH $(cr). 

HaSjiiOfleHHe o tom, hto coScTBennbie SHaneHHa onepaTopa IIlTypMa-JlHyBHjiJifl 
anajiHTH^ecKH saBHcaT ot BemecTBGHHoro noTeHn,Hajia, npHna^JiejKHT Bopry [2|. JXjih 
BemecTBeHHbix noTeHn,HajiOB q h3 npocTpancTBa L2 sia Hflea nojiynnjia cymecTBenHoe 
pasBHTHe B pa6oTax Iloniejia h Tpy6oBHii;a |16| . 3;i;ecb cnaMajia saivieTHM, mto aHajiHTHHHOCTb 
coxpanaeTca fljia noTeni^najiOB pacnpe;i;ejieHHH h3 npocTpancTB W2 npn 6 > —1. KpoMe Toro, 
BbiHHCJieHHa npoH3Bo;i;Hbix Mbi 5y;i;eM npoBOflHTb KOMnjieKCHbix noTeni^najiOB. 

Mbi npeflnojiaraeM, mto HHTaTejib snaKOM c onpe;i;ejieHHaMH npouseodnux no Opeuie u 
Famo fljia OTo6pajKeHHH F : U ^ H, rjifi U - OTKpbiToe MHOJKecTBO b E, a E m H 
- GanaxoBbi npocTpancTBa. ^ajiee ncnojibsyiOTca 4)aKTbi, CBaaanHbie c sthmh nonaTnaMH, 
KOTopbie MOJKHO HaHTH B KHHrax (4] H |16| . JlnneftHbiH onepaTop us E b H, coBna^aiomHH 
c npoHSBO^Hoii Opeme OToSpaiKenna F b to^kg x Sy^eivi oSosHanaTb ^epea dxF. B cjiy^ae 
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KOMnjieKCHbix SanaxoBbix npocTpancTB OTo6pa>KeHHe F : U H, flH(|)(|)epeHn,HpyeMoe no 
'Ppeme b KajK^on tohkc x E U nasbiBaeTca aHaAumuHecKUM b U. EcTecTBennbiM o6pa30M 
onpe^ejiaeTca nonaTHe eeinecmeeHHOso anaAumuHecKozo omo6paMceHUH, cm. |16| . HanoMHHM, 
^To OTo6pa>KeHHe F : U ^ H nasbiBaeTca CAa6o aHaAumuHecKUM, ecjiH ^jia jiio6bix sjieivieHTOB 
h E X E U n JiioSoro 4)yHKii;H0Hajia L G H* CKajiapnaa (J)yHKii;Ha L{F{x + zh)) 
flH(J)(J)epeHii;HpyeMa b KOMnjieKCHOM CMbicjie b HeKOTopofi Majiofi okpgcthocth nyjia (saBHcainefi 
OT ajieMGHTOB x, h). B cjiynae rnjibSepTOBa npocTpancTBa H cjiaGaa ;i;H(|)(|)epeHii;HpyeMOCTb 
BKBHBajieHTHa ;i;H4)4)epeHii;HpyeMOCTH no FaTO KOop;i;HHaTHbix 4)yHKn;HH (F(x),e„), r;i;e {e^} - 
opTonopMnponannbiH Saanc b H . Mbi 6yfleM ncnojibaonaTb cjieflyionine nsBecTnbie peayjibTaTbi, 

CM.|16|. 

nPE^JlO>KEHHE 5.1. Uycmt) F : U ^ H - cAa6o anaAumuHecKoe omodpamceHue 
MHOMcecmea U EE. Ecau F AonaAbHO ospaHUHeno e U , m.e. ospaHuneHO e ueKomopou 
OKpecmHocmu naotcdou moHKU x E U, mo F - anaAumuHecKoe omo6pacHceHue e U. 

nPEflJ10>KEHHE 5.2. Uycmb F : U ^ H - anaAumuHecKoe omo6pacHceHue. Tosda 
cnpaeedAuea (f)opMyAa Komu 

1 /" Fix + Ch) ,^ , , 

F{x + zh) = — / ^- ^dC, \z\<e- 

2-ni J Q — z 

Sdech X eU , h E E . a e cmoAb muao, nmo x + zh E U Sam ecex \z\ < e. B Hacmnocmu, 

2m J 

zde h - npouseoAbHuu aAeMenm, maKou, huio x + (h E U npu ecex |C| < £■ 

Han^GM npoH3BOflnbie no FaTO OToSpajKennii Afc : L2 — > C, r^e \k = Afe(cr) - co6cTBennbie 
ananenna onepaTopa Lr,. J\ji5i coScTnennbix ananennn Hk{o') onepaTopa Ldn peayjibTaTbi 
coxpanaiOTCfl. 

JIemma 5.3. Uycmb Xk = Afc(cr) - npocmoe co6cmeeHHoe SHaneHue onepamopa Ld, 
KomopoMy omeeuaem co6cmeeHHaH (pyHKXj,UH yk{x) = yk{x, c). Ecau {yk,yk) = Jo uli^)^^ 7^ 0; 
mo cfjyHKii,UH lcik{o') : L2 ^ C du(p4>epeHxj,upyeMa no <Ppeme e onpecmnocmu moHKU a u ee 
npouseodnaH e amou mouKe paena 



r, ^ / '^iykix)ykix),h{x)) 



1 /2 

Ecau S2kM '■= X, — k, mo 



Ks2k{(r)]h = (l/2)A-i/2KA,(a)]/i. 

/l^OKASATEJlbCTBO. BcnoMnHM ([H]), nTO 

\\ykix,a) - ykix,a)\\i npn \\a - a\\L^ -> 0. 

TaKoe >Ke cooTnomenne BbinojinaeTca fljia (J)ynKn,HH a). CjieflonaTejibno, (|)ynKn,Ha 

y'i^{x,a) nenpepbiBno aanncHT b L2-nopMe ot 4)ynKn,HH a E L2. FIosTOMy, ecjin mm ^OKajKCM 
cyniecTBOBanne nponsBOflnon no FaTO b tohkg a no nanpanjiennio h: 

y Afc(cr + th) - Afc(ff) ^ 2{y[yk,h) 

'™ t ~ {yli) ' 
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TO B CHjiy nenpepbiBHOCTH btoh 4)yHKn,HH b Majioii OKpecTHOCTH to^kh ct, ona Sy^eT 
npoHSBO^Hoii no Opeme. 

HycTb G L2 H {Xk{t),yk{x,t)) - co6cTBeHHaa napa onepaTopa L^,, OTBenaiomaa a + th. 
^jia KpaTKOCTH ^ajiee onycKaeM HH^eKC k. 3anHmeM paBencTBa 

-{y'{x, t)-{a + th)y{x, t))' - {a + th)y'{x, t) = X{t)y{x, t), 
-{y'{x, 0) - ay{x, 0))' - ay'{x, 0) = A(0)y(x, 0). 

Ymho^khm nepBoe h BTopoe paBencTBa na y{x,0) h y{x,t), cooTBeTCTBenHO, h BbinnmeM 
pasHOCTb. HpoHHTerpHpyeM nojiyneHHoe BbipajKenne (boabMeivi CKajiapnoe npoHSBefleHne c 
eflHHHHHOH (J)yHKn,HeH) . HpoHHTerpHpoBaB, r^e na^o, no nacTHM n BOcnojibsoBaBmncb tgm, 
^TO oSbinTerpnpoBannbie Hjienbi ncneaaiOT, nojiy^HM 

{[{th{x)y{x, t))' - th{x)y{x, 0), l) = 

= (A(t) - A(0)) ( [y\x, 0) + {y{x, t) - y{x, 0))y(x, 0)] , l) . 

SaMGTHM, HTO ((/i(x)|/(a;, 0), 1) = —{h{x)y{x,t)y'{x,Q),l). Paa^iejiHB nojiyneHHoe 

paBGHCTBO Ha t H ycTpcMHE t K HyjiK), nojiyHHM yTBepjK;i;eHHe jieMMbi. ^Jia coScTBennbix 
3HaHeHHH onepaTopa Lni^i yTBep^Kflenne nojiynaeTca TaKJKe, ho Ha;i;o Sojiee aKKypaTHO 
npoBOflHTb HHTerpnpoBaHHe no nacTaivi. □ 

JlEMMA 5.4. Ilycmb a e W2, Q < 6 < 1/2, ||a-||0 < R. Ilycmb yk = yk{x,a) 
- co6cmeeHHue (f)yHKii)UU onepamopa L^- Tosda HaudemcM v^eAoe hucao N = N{R,9) u 
nocmoHHHan C = C{R, 6) maKue, umo co6cmeeHHue SHauenuM Xk npu k > N npocmue u 

(5.1) \yk{,x) - sin/cx| < Ck'^ . 

TaKGM ofce ovfinna coxpauMemcM Sam co6cmeeHHUx (fjyHKii,uu onepamopa Lon c saMenou sinkx 
na sm(/c — l/2)x. 

^OKASATEJlbCTBO. 3to yTBep>K;i;eHHe ;i;oKa3aHO b |18[ TeopeMa 3.13], no c MncjiaiviH n 
C, 3aBHcain;HMH ot a h Ha peayjibTaTOB, nojiyneHEbix b n.2 cjie;i;yeT, hto N ji C saBHcaT 

TOJIbKO OT R M 6. □ 

Teopema 5.5. Uycmb a G W2, > u a - eeiu,ecmeeHHaH (pyuK'nuH. Tozda 
F{a) : W2 I2 ^ eeiu,ecmeeHHoe aHaAumuHecKoe omo6paMceHue e OKpecmHocmu mouKU 
a. 

/l^OKASATEJlbCTBO. JIjih BemecTBennoH (|)ynKn,HH cr(x) coScTnennbie (J)ynKn,HH yk{x) 
TaKJKe nemecTBennbie, a noTOMy {y\{x),l) > 0. B cnjiy nenpepbinnon saBncHMOCTn yk ot ct 
3T0 nepaBencTBO coxpanaeTca npn Bcex A; = 1, . . . , paBHOMepno b neKOTopon okpgcthocth 
TOHKH a. H3 on;eHKH ()5.H1 nojiynaeivi, hto nepaBencTBa (|/^, 1) > ocTaiOTca b cnjie npn 
Bcex A; > + 1. Cjie;i;oBaTejibHO, KOopflnnaTHbie 4)yHKn;HH npocTpancTBa I2 (b ecTecTBennoM 
6a3Hce) anajiHTHnnbi b OKpecTnocTH a. 7lH(J)(J)epenn,HpyeM0CTb KOop^nnaT Kone^noMepnoro 
npocTpancTBa 12 ^1 cjie;],yeT na aaMenanna 14.31 □ 

Ha aHajiHTHHHOCTH OTo6pa>KeHH5i F{a) cjie^yeT anajiHTHMHOCTb OToGpajKenna 
$((t) : W2 — > l2t r^e hhcjio r onpe^ejieno b (J)opMyjiHpoBKe ocnonnon TeopeMbi. Kone^no, 
fljia KOMnjieKcnbix (y{x) flH4)4)epenn,HpyeMOCTH mojkgt ne 5biTb. 
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06o3HaHHM ^epea P/v opTonpoeKTop b I2, aHHyjiHpyiomHH KOop^HnaTbi Kone^HOMepHoro 
npocTpancTBa I2 h nepBbie N KOopflHHaT npocTpancTBa I2. 

Teopema 5.6. nycmt Q < 6 < 1/4. Tozda naudemcH hucao N = N{R,6), manoe, umo 
omo6paotceHue -F/v(o") = PNF{a) : W2 I2 anaAumuHHO e mape ||(t|| < R. 

/^OKASATEJlbCTBO. Hs HepaBGHCTB (15. 1|] H jieMMbi Eini cjie^iyeT, hto npn > N{R,6) 
KOopflHHaTbi OTo5pa>KeHH5i -F/v(cr) - anajiHTHHecKHe c|)yHKii;HH b mape ||cr|| < R. Tor^a b CHJiy 
npe jjioaceHHfl \5A\ h xeopeMbi 12.11 OTo6pa>KeHHe -F/v(cr) aHajiHTHHHO b stom mape. □ 

Teopema 5.7. B ycjioeunx m.enpeMU 1,^.61 omo6paatceHue $Ar(cr) = P/v$(cr) : W2 l^^ 
anaAumuHecKoe u HopMci npouseoduou d^^N '■ W2 ^ ^2^ ozpaHuueua nocmoHHHOu 
C = C{R,6) dAH ecex a us uiapa \\(j\\e < R — 1. 3mo ymeepcncdeHue coxpaHHem cuAy npu 
ecex v^eAux 6 = 1, 2, . . . (c saMenou undenca 26 na 6 + 1). 

/^OKASATEJlbCTBO. H3 TeopeM 12.11 H 13.11 nojiynaeM orpaHH^enHOCTb OTo6pa>KeHH5i 
$Ar : W2 npH yKaaaHHbix SHaneHHax 6. b mape ||o"||6i < R. TaK KaK anajiHTHHecKoe, 

TO H3 npefljiojKeHHa 15.21 cjie;i;yeT, hto ero npoH3Bo;i;Haa orpanHHena b jiioSom mape pa;i;Hyca 
<R-e. □ 



§6. OKOHHaHHe ^OKasaTejibCTBa ochobhoh TeopeMbi 

BocnojibsyeMca cjieflyiom,HM peayjibTaTOM, KOTopbiii c4)opMyjiHpyeM b y^oSnoM ^jih nac 
BH^e. 

nPEflJ10>KEHHE 6.1. nycmt {Ei,Eo), {Hi,Ho) napu 6aHaxoeux npocmpaHcme c 
HenpepuBHUM eAOCHcenueM Ei C Eq, Hi C Hq. Uycmb T - ueAUHeuHoe omo6pacHceHue us 
Eq 6 Hq, omo6paMcaioiu^ee Ei e Hi u ydoeAemeopniouj^ee CAedyfovu^eMy ycAoeuw: cyvu^ecmeyem 
noAoofcumeAhHue eospacmawmue (f^yHKU^uu Cq{R) u Ci{R) manue, umo 

(6.1) \\<^a-<^d\\H,<CQ{R)\\a-d\\E,, 
ecAU max{ 1 1 cr 1 1 H^Ubo} < R, 

(6.2) \\^a\\H,<Ci{R)\\a\\E,. 

Tosda T omo6paMcaem E^ = [Eq, Ei]t e H^ = [Hq, Hi]t- npu ecex < r < 1, npuueju 

(6.3) \\<^CT\\H^<Cr{R)\\a\\E., 

sde Cr{R) - HenomopaH eospacmafovu^aH ^yHKU^UH om R. 



^OKASATEJlbCTBO. ^OKasaTejibCTBO SToro npefljioxceHna npHHa^jiejKHT Tapiapy |20| . 

□ 

BocnojibsyeMCH 3thm npeflJiOKenneM, nojioJKHB Eq = W2, Hq = I2, r^e 9 - (J)HKCHpoBaHHoe 
^HCJio < 9 < 1/4; El = W2, Hi = I2, a b Ka^ecTBe $ B03bMeM OTo5pa>KeHHe ^n- 
Tor^a H3 TeopeMbi 15.71 cjieflyex on,eHKa (16. Ij) , a on,eHKa (j6.2|] Sbijia flOKaaana b Teopeivie 13.11 
Cjie;i;oBaTejibHO, cnpaBe;i;jiHBa oii;eHKa ()6.3p . r;i;e Ej. = W2]r n Hr = [(2^, l2]r- Ha TeopeMbi 
o peHTepan,HH (cm., nanpHMep [21j) 11 TeopeMbi 06 HHTepnojiiin,HH npocTpancTB /| (cm. |19| ) 

IIMCCM Er = 14^2 ^'^''^ ^\ Hr = l'^^^^^'^^ CjieflOBaTCJIbHO, OToSpaJKCHIie $JV : W2 — > 

npii < 9 < 1 orpaHH^eno b jiioSom mape. Orpanii^eHHOCTb Kone^HOMepHoro OToSpajKenHH 
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$ — $7V • ~* ^2 OHeBHflHa, OTKy^a nojiynaeM yTBepjK^eHHe ochobhoh TeopeMbi npn 

o<e <1. 

HpH 9 >1 HyjKHO BHOBb BOCnOJIb30BaTbCa npRJT.TTO>KeHHeM I6.1L HO HHTepnOJIHpOBaTb Hy>KHO 

MGJKfly npocTpancTBaMH W2 h W^, r^e 6 G [1, m]. 3thm saKaHHHBaeTca ;i;oKa3aTejibCTBO 
OCHOBHOH TeopeMbi. 

OTMeTHM, HTO ;i;0Ka3aB ocHOBHyio Teopeiviy, mm mojkcm ycHJiHTb peayjibTaTbi h.5 06 

anajIHTKHHOCTH 0T06pa>KeHHH. A HMGHHO, HMea JIOKajIbHyiO OrpaHHHeHHOCTb 0T06pa>KeHHH F 

H $ HpH Bcex > 0, Mbi MOJKGM ycHJiHTb pesyjibTaTbi H.5 

Teopema 6.2. ymeepMcdenue meopeM \5.,^ - 1,^. 71 coxpaHHwm cujiy npu ecex 6* > 0. 
Omo6paatceHue F{a) : W2 —>■ /| du^xpepeHUiUpyeMO e HCKomopou KOMUAeKCHOu OKpecmHocmu 
eevj,ecmeeHHOso mapa \\<y\\e < R npu ecex 6 > (a nomoMy neAHemcH eem,ecmeeHHO 
aHajiumunecKUM omo6pacHceHueM) . UpouseodnaM F{a) e moHKe a = paena — (1/2)T. 

^OKASATEJlbCTBO. Mbi y>Ke hohchhjih CHpaBe^JiHBOCTb nepBbix yTBepjK^eHHH. 
CymecTBOBaHHe hpohsbo^hoh ho Opeme OTo5pa>KeHHfl F[a) b tohkg a = npn ^ = 
flOKaaana b paSoTe |19| . npn^eM HOKaaano, hto ona panna — (1/2)T. Tax KaK HpoH3Bo;],Haa b 
TOHKe (7 = cymecTByeT npn Bcex ^ > 0, npocTpancTBa W2 nenpepbiBHO BJioacenbi b L2, to 
9Ta HpoH3Bo;i;Ha5i oSaaana coBnaflaTb c — (1/2) T npn Bcex ^ > 0. □ 
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